ABSTRACT To track the desired pose of the omnidirectional autonomous mobile robot (OAMR) in finite time, the finite-time virtual desired trajectory (FTVDT) is designed by the 1st sliding surface with the linear dynamics and fractional order of pose's tracking error. To track the FTVDT in finite time, the finite-time sliding-mode saturated control (FTSMSC) is designed by the second sliding surface with the linear dynamics and fractional order of the FTVDT's tracking error. In short, the proposed hierarchical finite-time slidingmode control with input saturation (HFTSMCIS) contains the FTVDT and the FTSMSC. As compared with previous studies, the finite-time trajectory tracking with the reduced chattering control input is achieved by the suitable selection of control parameters. The HFTSMCIS algorithm is executed in the CPU, and then it is transformed to a PWM signal using FPGA hardware and the motor velocity is simultaneously decoded by the FPGA hardware for feedback control. In contrast, the other state signals are achieved from the mathematical model such that the feedback control system is simple and effective. It is so-called software/hardwarebased HFTSMCIS (SHB-HFTSMCIS). Finally, three experiments, including two different process time and obstacle avoidance, are presented to validate the effectiveness and robustness of the proposed control system.
I. INTRODUCTION
The rapid development of robotics technology made it possible for robots to be used for tasks that require cooperation with humans, such as home automation, surveillance, health-care, and unmanned transportation tasks, etc. Hence, trajectory planning, obstacle avoidance, trajectory tracking, and navigation of mobile robots have become popular topics in the robotic field, e.g., [1] - [5] . There are many types of autonomous mobile robot, e.g., differential, car-like, omnidirectional, multi-segment continuum robot, and tractor-andtrailer types [6] - [18] . Each type has different kinematics,
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In this paper, the controlled system includes the kinematic and dynamic models of an OAMR, and the dynamic model of dc motors in three dividing circle wheels. According to the system feature, the directly and indirectly controlled modes of states and outputs are first divided [15] , [17] - [19] . The indirect and direct outputs are the pose of OAMRs and three motor currents, respectively. Based on the assigned task (trajectory tracking, obstacle avoidance, target approach) [20] , the desired pose (e.g., a circular trajectory with different curvatures, traveling velocities, poses, total processing time) is planned. In this situation, the first sliding surface using the combination of the linear dynamics and fractional order of pose tracking error [21] - [27] is employed to design the finite-time virtual desired trajectory (FTVDT). Under suitable conditions, the finite-time null tracking of the desired pose of the OAMR is achieved. Subsequently, the second sliding surface using the combination of the linear dynamics and fractional order of the FTVDT's tracking error is employed to design the finite-time sliding-mode saturated control (FTSMSC) so that the finite-time null tracking of direct and indirect outputs is simultaneously accomplished [28] . In short, the proposed hierarchical finite-time sliding-mode control with input saturation (HFTSMCIS) contains the FTVDT and the FTSMSC. The planned fast-changing trajectory with different terrain interactions (simultaneous translation and rotation of the OAMR) is satisfactorily tracked by the proposed control.
The main contributions of this paper are as follows. (i) The proposed hierarchical finite-time sliding-mode control with input saturation (HFTSMCIS) contains the finite-time virtual desired trajectory (FTVDT) and the finite-time sliding mode saturated control (FTSMSC).
(ii) The time-varying switching gains in the FTVDT and FTSMSC are connected with the boundary layers, the upper bounds of uncertainties, and their finite-time convergence rates respectively in the indirect and direct modes such that the faster tracking of the desired trajectory and the reduced chattering control input are achieved. (iii) The HFTSMCIS algorithm is executed in the CPU, and then it is transformed to a PWM signal using FPGA hardware and the motor velocity is simultaneously decoded by the FPGA hardware for feedback control. In contrast, the other state signals are obtained from the mathematical model such that the implementation is simple, practical, and effective.
II. RELATED WORK
The trajectory tracking control of OAMR is discussed as follows. Only the kinematics in the polar coordinate is employed to design a PI control with the ant colony optimization for optimal parameter [6] ; nevertheless, the tracking response is slow. The online minimum-energy trajectory planning and control on a straight-line path are designed by Barreto et al. [7] . It is based on the reference velocity of the OAMR and easily affected by the high-frequency dynamics (initial misalignment, different terrain interactions, dc motor dynamics [29] ). In [8] , the model-predictive control with friction compensation uses the wireless communication between PC and OAMR to follow the desired trajectory. Besides the effectiveness of GPC, the performance seems constrained. The error model in a quasilinear-parameter-varying form [11] is employed to design an error-feedback controller for a four-wheeled omnidirectional mobile robot. Nevertheless, its trajectory is slowly time-variant (e.g., 0.05Hz). In [12] , a smooth switching adaptive robust controller is proposed to deal with the possible singularity control. However, the transient response often occurs and the desired trajectory including velocity and acceleration is also slow. In [13] , the generalized PI observer used to estimate time-varying uncertainties is designed. Nevertheless, the designed gear ratio and the weight of mobile robot are too large such that the tracking performance is limited. The design of an OAMR with high mobility in rough terrain is developed [14] .
It is also known that sliding-mode (adaptive) control can satisfactorily deal with a class of the trajectory tracking for nonlinear dynamic and complex systems (e.g., air management of PEM fuel cell systems [30] , NPC converters [31] , event-triggering dissipative control [32] , an interior permanent magnet synchronous motor drive [33] , doublependulum overhead cranes [34] , a hydraulic parallel manipulator [35] ). However, to reach the task assignment in a specific time interval becomes a challenge. The finite-time control designs based on the sliding surface with the fractional order of tracking error are discussed as follows. The adaptive terminal sliding-mode control in [21] not only assures the finite-time error convergence and strong robustness, but also requires no prior knowledge of the system parameters and road information. Even though it needs more computation time, the performance is not necessarily the best for the partially known uncertainties. Under heavy lumped uncertainties, the detailed information about the robot dynamics isn't required to ensure the fast convergence and high tracking precision [22] . However, it is implemented by a PC-based configuration and has high-frequency response. In [23] , an output feedback active suspension control scheme by the nonsingular higher order terminal sliding mode with high gain state observer achieves the ride comfort while maintaining road holding for the vehicle. Nevertheless, due to the high gain observer the possible chattering signal will be difficult to implement. Based on the super-twisting algorithm, a finite time fault tolerant control is proposed for uncertain robot manipulators with actuator faults [24] . Even though, it is a theoretical study; an implementation probably results in a chattering input or poor performance. Moreover, a multivariable super twisting-like algorithm is proposed for arbitrary order integrator systems subject to matched disturbances [25] . In [26] , a theoretical study for the finite-time stabilization of SISO canonical systems for the regulation system via adaptive chattering free sliding modes is addressed. Besides these two studies are for a regulation problem, the effective implementation of trajectory tracking problem is unknown. In [27] , a discrete-time fractional-order sliding mode control is proposed for a linear discrete system with friction.
If the modeling of the OAMR is improved to reduce the uncertainty, the high-gain disturbance observer is not necessarily required. Moreover, the time-varying switching gains in the FTVDT and FTSMSC of this study are connected with the upper bounds of uncertainties and their finite-time convergence rates. The appropriate tuning of these switching gains can maintain the faster trajectory tracking performance with the reduced chattering feature. Based on the above analyses, the consideration of the motor dynamics possesses the advantages for the simultaneous translation and rotation of trajectory tracking control, the initial misalignment of OAMR (cf., [17] , [18] , [29] , and the contribution (i)). Based on these requirements, the proposed hierarchical control is designed by two sliding surfaces with the linear dynamics and fractional order for both FTVDT and FTSMSC with time-varying switching gains (cf. the contribution (ii)) such that the implementation is simple, practical, and effective (cf. [21] , [22] , and the contribution (iii)).
III. EXEPRIMENTAL SETUP, NOTATION, SYSTEM MODELING, AND TASK DESCRIPTION
A. EXPERIMENTAL SETUP Figure 1(a) shows the experimental setup of our developed OAMR. The overall control system includes (i) three dc motors, (ii) three drivers, (iii) one software/hardware based platform, and (iv) mechanism. Three dc motors are the Amax-32 model no. from Maxon Company with the gear ratio 18:1. The PWM driver is the model no. L298.
The important specifications of DE2i-150 in Fig. 1 Atom  N2600 ; the PWM for driving the motor and the decoder for obtaining the motor velocity are executed in the FPGA (cf. Fig. 1(c) ). 
B. NOTATION
The system variables and parameters are listed in Table 1 and  Table 2 , respectively. These values in Table 2 are achieved from the manual of motors, the dimension of OAMR, and the fundamental knowledge of friction. Even if these parameters aren't accurate enough, the uncertainties are considered for the robust stability of the closed-loop system.
C. SYSTEM MODELING
The detailed description of the OAMR system can refer to the previous study [18] . To integrate the above OAMR's relationships with the states
, and x 9 (t) = i 3 (t), the matrix form with input saturation is described as follows:
where
are the indirect and direct states, respectively; the system state
; Y 1 (t) and Y 2 (t) ∈ 3 are respectively the indirect and direct outputs; sat(U ) denotes the saturation of the control input U (t) ∈ 3 ; A i (X , t), i = 1, 2, and B(X , t) are the true system vector functions; C 1 = I 3 0 3×3 and C 2 = I 3 are the output gain matrices; X T 1 (t) = x 1 (t) x 2 (t) · · · x 6 (t) and X T 2 (t) = x 7 (t) x 8 (t) x 9 (t) are the measurement noises. It is supposed that X i (t) < X i (t) ∀t, i = 1, 2. Here, the saturated input is defined as follows: The kinematic relation for the OAMR in Fig. 2 is described as follows:
Here
Remark 1: Based on the proposed software/hardware platform in Fig. 1 , the three motor velocities v j (t), j = 1, 2, 3 are achieved by the FPGA decoder to reflect the gourd condition of OAMR such that the state responses are achieved by eqns. (3) and (1) without using the other sensors and observers [17] , [18] , [36] .
The true system vector functions in (1) are divided into the nominal and uncertain portions:
Here, the components of the nominal system vector functions in (4a) and (4b) are expressed as follows:
The X m -and Y m -directions of the force and the torque at the mass center are given as follows:
where f j (t) and τ j (t), j = 1, 2, 3 are the force and torque of wheel j, respectively. The nominal friction force and friction torque of wheel j, i.e.,f f j (v j ) andτ f j (ω j ), j = 1, 2, 3, are modeled differently as compared with the previous studies [7] , [9] :f
where ρ f (v j ) = 1 as v j (t) > δ f and ρ f (v j ) = 0, otherwise; ρ τ (ω j ) = 1 as ω j (t) > δ τ and ρ τ (ω j ) = 0, otherwise. Here,
In contrast, the uncertain system vector functions are given as follows:
where f f k (t), k = x, y and τ f (t) are respectively the uncertain friction force and torque, which reflect to time-varying terrain condition. If friction forces and torques are difficult to estimate, their nominal ones are set be zero, i.e., without friction model; however, the uncertainties increase. The indirect and direct outputs without measurement noise are described as follows:
D. TASK DESCRIPTION
Although the kinematics (3) is based on the non-slipping condition, the friction force and torque of wheel j (8)- (11) with nonlinear time-varying uncertainties (12) are considered to represent different terrain interactions [28] . Besides the saturated control input (2), the uncertain control gain matrix B(X 2 , t) can be thought as input disturbances, e.g., deadzone, backlash, actuator fault [9] , [24] . Furthermore, the indirect and direct modes, i.e., X 1 (t) and X 2 (t), are supposed to be available from the mathematical model (1). The indirect and direct outputs are selected from the corresponding states without using an observer [36] . As compared with observerbased control schemes [13] , [30] - [32] , [37] , the suggested one is simpler. The tracking errors of the indirect and direct modes are defined as follows:
At the outset, the finite-time virtual desired trajectory (FTVDT) (or the desired current
T in finite time. Then, the finite-time sliding-mode saturated control (FTSMSC) sat(U ) is designed so that the motor current Y 2 (t) will track the desired current Y d2 (t) in finite time. In summary, the proposed software/hardware-based HFTSMCIS (SHB-HFTSMCIS) includes the software/hardware platform in Fig. 1 , in which the FTVDT and FTSMSC with time-varying switching gains are employed to validate the effectiveness, robustness, and reduced chattering feature as compared with previous studies [6] - [8] , [14] , [18] , [21] , [22] .
IV. DESIGN OF HFTSMCIS
The following lemma describing the sliding-mode with finitetime strategy ([21] - [26] ) is given. Lemma 1: Consider a dynamic systemŻ (t) = f (Z ), where Z (t) ∈ n , f (Z (t 0 )) = 0. Supposed that a continuously differentiable scalar positive-definite function V (t) satisfies the following differential inequality:
where 0 ≤ α, 0 < β, and 0 < γ < 1. Then,
Remark 2: If α = 0, from L'Hospital's rule equations (16) and (17) become
The larger α or β or γ is, the faster finite-time converge is. The block diagram of the proposed control system is depicted in Fig. 3 . Next two subsections are for the design of FTVDT and FTSMSC.
A. FTVDT
Based on the hierarchical and finite-time tracking concepts, the first sliding surface for the indirect mode is assigned as follows:
T .
Before designing the finite-time virtual desired trajectory (FTVDT), the second time derivative of the indirect output with measurement noise and uncertain system function is expressed as follows:
whereḠ(X 1 ) ∈ 3 , G(X 1 , t) ∈ 3 ,H (X 1 ) ∈ 3×3 , and X 2 (t) is the uncertainty of X 2 (t). Their relative components are given as follows:
Here, s 1 = −s φ , s 2 = −s π / 3−φ s 3 = s π / 3+φ , c 1 = c φ , c 2 = −c π / 3−φ , and c 3 = −c π / 3+φ . In addition,H (X 1 ) is nonsingular for all X 1 (t). The uncertainties of the indirect mode and its upper bound are derived and described as follows (see Appendix A):
where Y d2,eq (t) is the uncertainty of Y d2,eq (t) in (27b); A 123 (X 1 , t) is the uncertainty ofĀ 123 (X 1 ); 0 < β 1 < 1;c 11 ≥ 0 and c 12 ≥ 0 are constrained by the stability of the indirect mode's dynamics and related with the time-varying switching gains (28) . These unknown constants can be on-line estimated [38] ; nevertheless, it is only considered as a finite-time bounded tracking control. Since the overall system stability includes indirect and direct modes, the FTVDT with uncertainty is considered.
Here the FTVDT is designed as follows:
where µ 1 > 0 is a boundary layer to reduce the chattering of the FTVDT, and the time-varying switching gains 11 ( S 1 ) and 12 ( S 1 ) are designed as follows:
Here, ψ 111 ≥ c 12 +ᾱ 1 2, ψ 112 ≥ c 11 , ψ 121 ≥ µ 1 c 11 , and ψ 122 ≥ 2 −β 1β 1 , whereᾱ 1 ≥ 0,β 1 >0. In addition, sign(E 1 ) α 1 −1 is a diagonal matrix [24] .
Remark 3:
The switching gains (28) are connected with the boundary layer and the upper bound of uncertainties (25) in the indirect mode, and its finite-time convergence rate in Lemma 1. However, from practical viewpoint too fast finite-time convergence will result in the saturated control input or chattering control input.
Furthermore, the upper bound of the uncertain control gain, λ 1 , satisfies the inequality below
Y T d2,sw (t) is the pseudo-inverse of Y d2,sw (t).
The following theorem discusses the properties of the FTVDT for the uncertain indirect mode's dynamics.
Theorem 1: Consider the dynamics of the indirect mode (1), i.e.,Ẋ 1 
The uncertainties in indirect mode are upper bounded by (25) and (29) . Then, the operating point converges to the first sliding surface (20) in finite time and satisfies the following convex set D s1 :
Then, {X 1 (t), S 1 (t), Y d2 (t)} are uniformly ultimately bounded (UUB). The following finite time tracking performance is also achieved. 
Proof: See Appendix A.
B. FTSMSC
The second sliding surface for the direct mode is designed as follows:
where S 2 (t) ∈ 3 , H p , H i , H n > 0 ∈ 3×3 are constant diagonal matrices, H p is nonsingular, and 0 < α 2 < 1.
The integration term in (34) can help to eliminate DC offset. Moreover, the uncertainties of the direct mode and its upper bound are described as follows (see Appendix B):
where 0 < β 2 < 1, c 21 ≥ 0 and c 22 ≥ 0 are connected with the time-varying switching gains (37) and the finite-time convergence in Lemma 1. The FTSMSC for the system (1) is then designed as follows:
where µ 2 > 0 is the boundary layer, the time-varying switching gains 21 ( S 2 ) and 22 ( S 2 ) are as follows:
Here, ψ 211 ≥ c 22 +ᾱ 2 2, ψ 212 = c 21 , ψ 221 = µ 2 c 21 , and ψ 222 ≥ 2 −β 2β 2 whereᾱ 2 ≥ 0,β 2 >0. Similar to Remark 3, these switching gains (37) are connected with the boundary layer, the upper bound of uncertainties (35) in the direct mode, and its finite-time convergence rate in Lemma 1. Moreover,
The following theorem discusses the properties of the FTSMSC for the OAMR with uncertainties.
Theorem 2:
Applying control law (36) to the system (1) with the upper bound of uncertainties (35) and (38) , the operating point converges to the second sliding surface (34) in finite time and satisfies the following convex set D s2 :
Then {X (t), S 2 (t), U (t)} are UUB. The following finite-time tracking performance is achieved. (41) where
,eq (t) and Y d2,sw (t) satisfying the inequalities (25) and (29), respectively. Then, the results of (30) and (32) 
C. THE PROPOSED HFTSMCIS ALGORITHM
The HFTSMCIS algorithm is described as follows:
Step 1: The nominal OAMR in (1) is first achieved.
Step 2: The first sliding surface for the indirect mode in (20) with the suitable selection of D d , D p , D n and α 1 is constructed.
Step 3: The FTVDT in (27) and (28) with the suitable control parameters β 1 , µ 1 , λ 1 , ψ 111 , ψ 112 , ψ 121 , and ψ 122 is achieved.
Step 4: The second sliding surface for the direct mode in (34) with the appropriate selection of H p , H i , H n and α 2 is assigned.
Step 5: The FTSMSC in (36) and (37) with the appropriate control parameters β 2 , µ 2 , λ 2 , ψ 211 , ψ 212 , ψ 221 , and ψ 222 is accomplished.
Step 6:
T is assigned for the trajectory tracking control.
Step 7: If the tracking response isn't satisfactory, the process goes to Steps 2-5 for suitably tuning the coefficients of two sliding surfaces and the control parameters. upper bounds of uncertain control gains in the indirect and direct modes, respectively. Their values can be absorbed into switching gains.
V. EXPERIMENTAL RESULT
At the outset, two circular trajectories possessing diameter 5m (i.e., x d (t) = 2.5 sin(w 0 t), y d (t) = 2.5 cos(w 0 t), and θ d (t) = VOLUME 7, 2019 Based on Remark 4, the controller parameters in Table 3 are chosen.
The corresponding response is shown in Fig. 4 . From  Fig. 4 (d) and 4(e), S 1 (t) , S 2 (t) , E 1 (t) , and E 2 (t) indeed approach in the vicinity of zero after 10, 3.5, 11, and 13s, respectively. Due to the finite-time concept for the proposed HFTSMCIS and the large initial pose error, u 1 and u 3 are saturated at initial 4s and 2s, respectively. In contrast, u 2 is in charge of the orientation adjustment, which is a smaller value except the velocity discontinuity at t = 30s (cf. Fig. 4(b) ). Under these circumstances, the uncertainties caused by the saturated control input are large. The parameters D n and H n should be chosen from the smaller values to avoid the possible chattering control inputs. The suitable parameters for two sliding surfaces can shape the frequency responses of tracking errors. Although the null tracking of sliding surfaces and tracking errors are designed, the uncertain conditions for the experiment don't completely satisfy the conditions (25b) or (35b) such that the sliding surfaces and tracking errors don't convergent to zero in finite-time. Nonetheless, the tracking performances in Fig. 4(a) and 4(c) , and the experimental video at the URL: https://youtu.be/V2zBuTk0mwM confirm the satisfactory result.
To verify the effectiveness of the proposed control, the response of the desired trajectory with the faster change rate (e.g., δ 1 = η 1 = 0.00126) is presented in Fig. 5 . The total process time becomes 50s. From Fig. 5(d) and 5(e), S 1 (t) , S 2 (t) , E 1 (t) , and E 2 (t) indeed approach in the vicinity of zero after 14, 5.5, 12, and 15s, respectively. The signals u 1 and u 3 are respectively saturated at initial 6s and 3.5s, which are slightly larger than those in Fig. 4 case. The result is reasonable and meets our expectation. The other responses are similar with those in Fig. 4 . It is also tackled by the proposed time-varying switching gains. The corresponding experimental video can refer to the URL: https://youtu.be/B-8QUftlPR4.
To further verify the effectiveness of the proposed control, two static obstacles with width 60cm and length 36cm are respectively placed at (2.25m, 0m) and (−2.25m,0m). Then, the original circular trajectory with diameter 5m connected with two semi-circles with diameter 1.6m at two centers (2.5m, 0m) and (−2.25m,0m) is planned (cf. the dotted line in Fig. 6(a) ) [15] , [39] . The response is shown in Fig. 6 . The main advantageous feature of OAMR is the simultaneous translation and rotation validating the more effective for obstacle avoidance as compared with car-like [10] , [15] or differential type [5] , [17] of mobile robots. The desired orientation in Fig. 6(c) is zero implying that the OAMR can be controlled in a specific azimuth (cf. the experimental video at the URL: https://youtu.be/ii8iGFs5O_U). The results are better than the other controls for OAMR [6] - [8] , [14] , [18] . Moreover, the response of the control input is continuous enough. Unlike the other terminal sliding-mode controls, e.g., [21] , [22] , they are often chattering. Once the better tracking performance is required, the chattering level of the control input will increase.
VI. CONCLUSIONS
Due to the nature of the mathematical model of an OAMR, the finite-time virtual desired trajectory (FTVDT) is first designed. According to the FTVDT, the finite-time slidingmode saturated control (FTSMSC) is then designed. The integration of FTVDT and FTSMSC can force the OAMR's pose to track the desired 2D pose in a finite-time manner and can deal with the high-frequency motion controls (e.g., time-varying ground conditions due to omnidirectional wheel, the planning trajectory for obstacle avoidance). The proposed software/hardware platform for the HFTSMSCIS is simple, practical, and effective. Three experimental tracking cases include two different circular trajectories with different traveling velocities, curvatures, and process time as well as one circular trajectory connected with two smaller semi-circles for obstacle avoidance. These results validate the improved performance as compared with the previous nonsingular terminal sliding-mode controls in [21] , [22] and the trajectory tracking controls of OAMR [6] - [8] , [14] , [18] . Our further studies are the specific human's detection and following, the voice command based control, and the face expression recognition based human robot interaction using omnidirectional service robot.
APPENDIXES APPENDIX A (THE PROOF OF THEOREM 1):
Taking the time derivative of V 1 = S T 1 S 1 2 with the facts (19) , (21), (25)- (28), and
Then, {X 1 (t), S 1 (t), Y d2 (t)} are UUB. Since the switching gains are chosen in (28) with the fact (A2), S 1 2 = 2V 1 , and
where 0 ≤ᾱ 1 and 0 <β 1 . Based on Lemma 1 and (A3), the finite-time convergence (31) to the 1 st sliding surface satisfying the domain D s1 in (30) is accomplished. From (20) ,
After reaching the convex set in (30) , the dynamics of the operating point is governed by (A5). Then, the following Lyapunov function V 1s = E T 1 E 1 2 is employed to verify its finite-time tracking errors.
where 0 ≤ α 1s , 0 < β 1s , and 0 < γ 1s < 1 are described in (33b). Based on Lemma1 and (A5), the tracking result (32) 
